An Integrated Kirchhoff Element by Galerkin Method for Free Vibration Analysis of Plates on Elastic Foundation  by Ragesh, P.P. et al.
 Procedia Technology  24 ( 2016 )  148 – 154 
Available online at www.sciencedirect.com
ScienceDirect
2212-0173 © 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).







aAssociate Professor, Govt. Engineering College Kozhikode, Calicut-673005, India 
b Professor, National Institute of Technology Calicut-673601, India  
$EVWUDFW
3ODWHV UHVWLQJ RQ HODVWLF IRXQGDWLRQV KDYH PDQ\ HQJLQHHULQJ DSSOLFDWLRQV HVSHFLDOO\ LQ WKH DUHD RI VWUXFWXUDO HQJLQHHULQJ






FDUULHGRXWE\ LQWHJUDWLQJ WKHSURSHUWLHVRI WKH UHFWDQJXODUSODWHZLWKSURSHUWLHVRIHODVWLF IRXQGDWLRQXVLQJ*DOHUNLQZHLJKWHG
UHVLGXDODSSURDFKLQVWHDGRIWKHFRPPRQPHWKRGVLQXVHOLNHSRWHQWLDOHQHUJ\DSSURDFK1XPHULFDOPRGHOOLQJKDVEHHQFDUULHG










© 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of ICETEST – 2015
149 P.P. Ragesh et al. /  Procedia Technology  24 ( 2016 )  148 – 154 
,QWURGXFWLRQ
3ODWHV UHVWLQJ RQ HODVWLF IRXQGDWLRQ KDYH D ORW RI DSSOLFDWLRQ LQ VWUXFWXUDO HQJLQHHULQJ VXFK DV IRXQGDWLRQV RI
EXLOGLQJV DQG RWKHU VWUXFWXUHV VZLPPLQJ SRROV VWRUDJH WDQNV IORRU V\VWHPV RI EXLOGLQJV DLUILHOG DQG KLJKZD\V
SDYHPHQWVHWF6RPDQ\QXPHULFDOPHWKRGVKDYHEHHQGHYHORSHGE\UHVHDUFKHUVWRVROYHWKLVSODWHEHQGLQJSUREOHP
$PRQJ WKHVH QXPHULFDOPHWKRGV WKH ILQLWH HOHPHQWPHWKRG LV WKHPRVW SRSXODU DQG VLPSOH RQH 7KH WRSLF SODWH
EHQGLQJ KDV EHHQ DQ LQWHQVLYH UHVHDUFK DUHD VLQFH WKH LQWURGXFWLRQ RI WKH ILQLWH HOHPHQW PHWKRG DQG HYHQ QRZ
UHPDLQV WR EH RQH RI WKH YHU\ DFWLYH UHVHDUFK ILHOGV 7KLV PD\ EH PDLQO\ GXH WR WKH ZLGH DSSOLFDWLRQ RI SODWH
HOHPHQWVLQHQJLQHHULQJDVPHQWLRQHGDERYHDQGDOVRLWLVYHU\FRPSOH[WRPRGHOWKHEHQGLQJSODWHHOHPHQWV7KH
FRPSOH[LW\ RI PRGHOOLQJ SODWH HOHPHQWV PDLQO\ GXH WR WKH GLIILFXOWLHV RI ILQGLQJ VXLWDEOH VKDSH IXQFWLRQV WKDW
SUHVHUYHFRQWLQXLW\RIVWUDLQDQGDOVRVDWLVI\LQJ WKHFRQGLWLRQVRIFRPSDWLELOLW\ LQ WKHFDVHRI WKLQSODWHV$QRWKHU
GLIILFXOW\ZKLFKDIIHFWHGWKHGHYHORSPHQWRIVXFFHVVIXOWKLFNSODWHEHQGLQJHOHPHQWVLVWKHIDLOXUHRIILQLWHHOHPHQW
IRUPXODWLRQVEDVHGRQWKLFNSODWHWKHRU\WR\LHOGVDWLVIDFWRU\UHVXOWVZKHQSODWHWKLFNQHVVEHFRPHVWRRVPDOO
7KH QXPHULFDO PRGHOOLQJ RI VWUXFWXUHVXEVRLO LQWHUDFWLRQ SUREOHP LV PDWKHPDWLFDOO\ D TXLWH FRPSOH[
SKHQRPHQRQEHFDXVHWKHUHVSRQVHRIVXEJUDGHLVJRYHUQHGE\VRPDQ\IDFWRUV$VLPSOHDQGPRVWZLGHO\XVHGRQH
LVSODWHHOHPHQWZLWK:LQNOHUIRXQGDWLRQPRGHOZKHUHLWLVDVVXPHGWKDWWKHVXEVRLOFRQVLVWVRIOLQHDUGLVFUHWHHODVWLF
VSULQJVPHDQVHDFKVSULQJLV LQGHSHQGHQWRI WKHRWKHUV8VXDOO\ WKHDQDO\VLVRISODWHVRQDQHODVWLFIRXQGDWLRQLV


















0DLQO\ WKHUH DUH WKUHH WKHRULHV LQ XVH IRU WKH DQDO\VLV RI SODWHV QDPHO\ &ODVVLFDO SODWH WKHRU\ RU .LUFKKRII
WKHRU\IRUWKLQSODWHVWKLFNSODWHWKHRU\RU0LQGOLQWKHRU\DOVRNQRZQDVILUVWRUGHUVKHDUGHIRUPDWLRQWKHRU\IRU
WKLFNSODWHVDQGWKLUGRUGHUVKHDUGHIRUPDWLRQWKHRU\IRUODPLQDWHV7KHPRVWZLGHO\XVHGSODWHWKHRU\LVFODVVLFDO
RU.LUFKKRIISODWH WKHRU\ WKDW QHJOHFWV WKHHIIHFWRI GHIRUPDWLRQE\ VKHDU WKURXJK WKH WKLFNQHVVRISODWH%XW WKH
HIIHFWRIVKHDUGHIRUPDWLRQEHFRPHVFRQVLGHUDEOHZKHQWKHWKLFNQHVVRISODWHLQFUHDVHV)RUWKLVUHDVRQLWLVYHU\
FOHDU WKDW GHIRUPDWLRQ GXH WR VKHDU VKRXOG EH WDNHQ LQWR DFFRXQW HVSHFLDOO\ IRU WKH DQDO\VLV RI SODWHV ZLWK
FRQVLGHUDEOH WKLFNQHVV 0LQGOLQ SODWH EHQGLQJ HOHPHQW ZKLFK LQFOXGHV WKH HIIHFW RI VKHDU GHIRUPDWLRQ LV
FRPSDUDWLYHO\VLPSOHWRXVHIRUDQDO\VLVRIEHQGLQJSODWHV%XWWKHPDLQSUREOHPZLWK0LQGOLQSODWHHOHPHQWLVWKDW
LWFDXVHVKHDUORFNLQJZKHQWKHSODWHEHFRPHVWRRWKLQ.LUFKKRIISODWHHOHPHQWVZLWKWKUHHGHJUHHVRIIUHHGRPSHU
QRGHKDV EHHQ XVHG WRPRGHO WKH SODWH HOHPHQWV LQ WKLV SDSHU DQG FRQVLGHU SODWHVZLWKPRGHUDWH DQGYHU\ VPDOO
WKLFNQHVV












2. 2.Kirchhoff plate element with twelve degrees of freedom 
&ODVVLFDORU.LUFKKRIISODWHEHQGLQJ WKHRU\ LVZLGHO\XVHG WRPRGHO WKHSODWHEHKDYLRU ,Q WKHVHHOHPHQWV&
FRQWLQXLW\LVFRQVLGHUHG$WDOOWKHIRXUQRGHVWKUHHGHJUHHVRIIUHHGRPQDPHO\w, w/xDQGw/yDUHFRQVLGHUHG
DVEDVLFXQNQRZQV+HQFHWKHUHDUHGHJUHHVRIIUHHGRPSHUHOHPHQW6XFKDSODWHHOHPHQWLVVKRZQLQ)LJXUH
7KHVL]HRIDW\SLFDOHOHPHQWLV2a × 2b/HWNiLVWKHVKDSHIXQFWLRQDWQRGHiDQGi  WR8VXDOO\VKDSHIXQFWLRQV
DUHGHULYHGIURPWKHSRO\QRPLDO
w = Į1+ Į2x + Į3y + Į4x2 + Į5xy + Į6y2 + Į7x3 + Į8x2y + Į9xy2 + Į10y3 + Į11x3y + Į12xy3  
)RUDQ\SRLQWWKHGLVSODFHPHQWILHOGPD\EHH[SUHVVHGDV
                                                 w = ȈNi1wi+ ȈNi2șxi+ ȈNi3șyi   

0RGHOOLQJWKHEHKDYLRURI(ODVWLF)RXQGDWLRQ
7KH HIIHFW RI D VRLO IRXQGDWLRQ FDQEHPRGHOOHG XVLQJYDULRXV DSSURDFKHV RQ WKHSODWH7KHEHVW DQG UHDOLVWLF
PRGHOWKDWUHSUHVHQWWKHIRXQGDWLRQVXEJUDGHLVDFRQWLQXXPW\SHPRGHOLQZKLFKWKHVROXWLRQRIHODVWLFLW\HTXDWLRQV

















W\SH VRLO RU D SDUWLFXODU W\SH ORDGLQJRQ WKH SODWH7KHPDLQ GLVDGYDQWDJHRI:LQNOHUPRGHO LV WKH GLVFRQWLQXLW\
EHWZHHQWKHVSULQJV6RWKLVPRGHOJLYHVFRQVWDQWGLVSODFHPHQWRISODWHIRUDXQLIRUPO\GLVWULEXWHGORDGWKDWUHVXOWV
LQ ]HUR EHQGLQJPRPHQW DQG VKHDU IRUFH LQ WKH SODWH VR FUHDWLQJQRQFRQVHUYDWLYH GHVLJQ FULWHULD+RZHYHU WKH






LIw LV WKHGLVSODFHPHQWDQGks LV WKHPRGXOXVRIVXEJUDGHUHDFWLRQRIIRXQGDWLRQVRLODSSOLHGYHUWLFDO ORDGLQJRI
LQWHQVLW\TWKHQHTXLOLEULXPGHPDQGV
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                  D׏ 4w+ksw = q         
$SSUR[LPDWLRQLVPDGHIRUGLVSODFHPHQWILHOGRIWKLVHOHPHQWRQHODVWLFIRXQGDWLRQWKHVDPHGLVSODFHPHQWILHOG
DV LQ WKHFDVHRIDSODWHHOHPHQW/HW WKHDSSUR[LPDWHVROXWLRQw ˾ LVRI WKHIRUPw ˾ =[N]{ǻ}ZKHUH[N] LVVKDSH
IXQFWLRQ PDWUL[  DQG {ǻ} LV QRGDO GLVSODFHPHQW YHFWRU  %\ VXEVWLWXWLQJ WKLV LQ *DOHUNLQ &ULWHULRQ RQ ZHLJKWHG
UHVLGXDOJLYHV
ĥĥ {N} T { D( ׏ 4 w ˾)- ks w ˾}dx dy = 0     
1XPHULFDO$QDO\VLVDQG5HVXOWV
)LQLWHHOHPHQWPRGHOOLQJRI IUHHYLEUDWLRQRISODWHV UHVWLQJRQ:LQNOHUHODVWLF IRXQGDWLRQKDVEHHQFDUULHGRXW
XVLQJWKHDERYHLQWHJUDWHGSODWHHOHPHQWLQD0$7/$%HQYLURQPHQWWKHQUHVXOWVREWDLQHGDUHFRPSDUHGZLWKWKH
SUHYLRXV UHVXOWV UHSRUWHG LQ OLWHUDWXUH IRUYHULILFDWLRQ:KHQ WKHYDOXHRIQRQGLPHQVLRQDO VRLO VWLIIQHVVK LV ]HUR
WKHQWKHSODWHIRXQGDWLRQVWUXFWXUHLVHTXLYDOHQWWRDQRUGLQDU\SODWHIRUZKLFKWKHH[DFWVROXWLRQLVDYDLODEOH7KHVH
WZRDUHIRXQGWREHFRPSDUDEOHZKLFKYDOLGDWHVWKHQXPHULFDO0$7/$%FRGLQJ
)UHH YLEUDWLRQ RI SODWHV RQ:LQNOHU IRXQGDWLRQ IRU GLIIHUHQW W\SHV RI VXSSRUW FRQGLWLRQV GLIIHUHQW W\SHV RI
ORDGLQJ FRQGLWLRQV DUH PRGHOHG IRU YDULRXV YDOXHV RI QRQGLPHQVLRQDO VRLO VWLIIQHVVK (  ks LD) 7KH UHVXOWV
REWDLQHGLQWKLVVWXG\DUHFRPSDUDEOHZLWKSUHYLRXVVWXGLHV$FRPSDULVRQLVPDGHKHUHZLWKVWXGLHVRI'=KRXHW
DO/HLVVD$:;LDQJ<HWDO2PXUWDJHWDOIRUWKHVLPSO\VXSSRUWHGDQGFODPSHG
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LQWHJUDWHGZLWK:LQNOHU HODVWLF IRXQGDWLRQ DQG LV XVHG IRU WKH IUHH YLEUDWLRQ DQDO\VLV RI SODWHV UHVWLQJ RQ HODVWLF
IRXQGDWLRQ7KLVHOHPHQWLVWHVWHGIRUGLIIHUHQWW\SHVRIERXQGDU\FRQGLWLRQVDQGDOVRIRUGLIIHUHQWFDVHVRIPRGXOXV
RI VXEJUDGH UHDFWLRQ ,W LV IRXQG WKDW WKHYDOXHVREWDLQHGDUH LQJRRGDJUHHPHQWZLWK UHVXOWV UHSRUWHG LQSUHYLRXV
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